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Dynamic range of nanotube- and nanowire-based electromechanical
systems
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Nanomechanical resonators with high aspect ratio, such as nanotubes and nanowires are of interest
due to their expected high sensitivity. However, a strongly nonlinear response combined with a high
thermomechanical noise level limits the useful linear dynamic range of this type of device. We
derive the equations governing this behavior and find a strong depenftedgéd/L)°] of the

dynamic range on aspect ratio. ZD05 American Institute of Physics
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The limits of mechanical detection with nanoelectrome-conditions. The error associated with this approximation
chanical systemgNEMS) are being actively pursued for technique is
sensing applications, such as the attainment of sub-atto- N
newton force sensing for magnetic resonance force
microscopy sub—attog?am massg sensiny, mechanical €= ['L%Z”(t)qﬁ”(x)} - Llzx.0]. 2
single spin detectiof,or the study of mechanical motion
approaching the quantum regir?f Applications like these The Galerkin procedure requires this error to be orthogonal
require both high responsivity and ultra-high-frequencyto each basis function, or in other words, the error is a re-
operation Both can be attained simultaneously with smallsidual that cannot be expressed in terms of the given finite
diameter, large aspect ratio doubly clamped resonator$et of basis functions:
Nanoscale materials such as carbon nanotubes or nanowires L
are a natural choice for these resonators due to their intrinsic f
small size. We recently reported a bottom-up nanomechani-
cal resonator, a Pt nanowire, and found that it takes a very

lr(cjewirggyc;ngeﬁng?/re tghgrvlvn%ot\?vlsthdee\gﬁieltng‘ i?]?s nn%nr::?n(eeirnance when the first mode is dominant, so it suffices to con-
gime. ' sider the casa=1. For a doubly clamped beam, the simplest

regime decreases with decreasing diameter, while the thef-

momechanical noise increases with aspect ratio. We co unction that approximates the first modedg(x)=v2/31

14,15 RSN~

clude that the useful linear dynamic range of such devices ig ©0%27x/L)].""" The normalizationy2/3 ensures that the
severely limited, with the result that many applications will ime dependent amplitude,(t) we find is the root mean
involve operation in the nonlinear regime. square displacement averaged over the length of the beam

A typical layout for a doubly clamped nanomechanical (not time. . _ . o
resonator is shown in Fig. 1. The resonator can be driven and Performing the integration and noticing th&fz(x,t)]
detected in several ways, e.g., magnetomotivelyr =0 as given in the Eq(1), we arrive at the Duffing-type
optically*® The driving forcef(t) leads to a time dependent €quation describing the time-varying behavior of the system:
b.endlng'profllez(.)gt), which can be found by solving the 2,(1) + wgzl(t) +azi(t) -0,
differential equation

edy(x)dx=0. 3
0

We are interested in the response of the beam at reso-

with
EA (" 4 2 o \4
L[z2(x,1)] = Elzyux— <T0+_j idx>zxx wozlzz E(_']_+ Lo ), a= E(_ﬂ-) (4)
2L Jo L2 V3pA\"  47%El 18\ L
+pAz - f(z1) =0 (1)  for free vibrations of the elastic beaffi[z(x),t]=0}. The

resonant frequencyw, obtained in this approximation is

with boundary condition(0)=2(L)=2(0)=z(L)=0. Here, slightly higher than the exact value. We add a phenomeno-

A is the cross-sectional arefa,is Young’s modulusp is the
density, and is the moment of inertia about the longitudinal
axis of the beam. The term in between brackets describes
tension in the beam, and is a sum of residual ten3ipand

a bending-induced tension, respectively.

Since Eq.(1) cannot be solved exactly we use the Galer-
kin discretization proceduﬂé, representing the solution to
Eqg. (1) in terms of a linearly independent set of basis func-
tions ¢,(x) where each basis function satisfies the boundary L

FIG. 1. Schematic representation of a doubly clamped nanomechanical reso-
dauthor to whom correspondence should be addressed; electronic maihator of lengthL and diameted. An applied force leads to a bending profile
roukes@caltech.edu z(x) as indicated.
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FIG. 2. Solid lines indicate typical response of a Duffing oscillator as a
function of frequency with increasing driving strength. The solid lines are
plots of equation @(w—w,)/ wy=513a%/ a2+ \aZ,,/a?~ 1, wherea, is cho-

sen 1, forayea=0.745, 2A3, 2. (Ref. 13. The dashed line is a plot for
apea=0.1, indicating an arbitrarily chosen rms noise floor.

FIG. 3. Dynamic range at 4 K for several doubly clamped resonators as
indicated in the figure and Table I. The shaded region below 0 dB indicates
the absence of a linear region of operation.

. . 4ksT
logical damping termz;wy/Q to Eq. (4), where Q is the S = B 3Q (7)
mechanical quality factor as obtained in the linear regime. May
Then the critical amplitude for the onset of nonlinearirﬁgis wherem is the total resonator mass\=mpLd?/4.

We now define the useful dynamic ran¢l@R) as the

L2 [p\3 ratio of the 1 dB compression poi(®.745%.) to the noise
Zwe—5\ =< 5 i
3= 0y 3 EQ (5 amplitude at resonance
. . . . 0.74%,
The critical amplitude describes at what displacement non-  DR(dB) = 20 lo — | (8)
linearity sets in: a smaller value @ signifies an earlier V2SAf

onset of nonlinearity and generally a stronger nonlinear be- . . PE—
havior. A nanotube or a nanowire can be well described by é{vhereAf is the measurement bandwidthf=1 in Fig. 3,

cylindrical rod with diameterd: A==7d?/4 and |=md*/64. and they2 comes from the conversion e to rms.
We parametrize a rectangular beam with widtln the di- For the moment neglecting the residual tensign
rection of motion and thickness vyielding A=dt and | d\°?2

=td®/12. This gives us DR=20 |0{2-41d<[)

2 [1(d 4T0L2> = ] (oylindri
- = =4 20 indri S ylindrical)
R 0(4 FrEa) (e QUgTAfp
—/d 5/2
ac:%\/a(§+ﬂ2—Ea> (rectangular. (6)

E3/2
A typical response of a Duffing oscillator described by Y, Q% TAf\';] (rectangular. 9
Eq. (4) is shown in Fig. 2. At low driving strength, the am- 8

plitude has the Lorentzian shape from the linear regime. Init is apparent that the dynamic range depends strongly on the
creasing the driving strength causes the peak to be pulleg@spect ratid_/d and directly on diameter. Figure 3 shows the
over to high frequencies at high amplitudes. A common defidynamic range plotted for several device geometries of inter-
nition of the onset of nonlinearity is the 1 dB compressionest: a single-wall carbon nanotut@WNT), a multiwall car-
point, i.e., the point at which the signal is 1 dB lower thanbon nanotubdMWNT), a Pt nanowiré? and a SiC rectan-
expected for the case of purely linear response. At resonancgylar beam® with parameters as given in Table I. We assume
this happens whenpe,=0.74%,, which is the lowest solid a mechanical quality facto@ for MWNT and SWNT of
curve in Fig. 2. This sets the upper limit of the useful linearabout 1000, although room temperature measureriieints
range. dicate a lower value. The dynamic range is very limited, and
The lower limit of the dynamic range is set by the inco-
herent sum of all stochastic processes driving the resoHator, TABLE I. Input parameters for Fig. 3.
such as thermomechanical fluctuations, quantum noise, noise
from adsorption and desorption of gaseous spéediesd d (nm) p (kg/m¥)  E(TPa Q
extrinsic sources such as vibrational and instrumemésld-

) S : - S 1.4 1930 1 1000
out) noise. For simplicity, and in the spirit of considering WNT 20 1930 1 1000
ultimate thermodynamic limits, we solely consider thermo-p, nanowire(Ref. 10 43 21 060 0168 8500
mechanical noise. The spectral density of displacement N0iS§¢ peam(ref. 18 150(t=100) 2880 0.430 8000

on resonance is
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in the case of SWNTSs even drops below 0 dB above a lengtthe onset of nonlinearity close to the infinite negative slope
of 2 um, which renders the device useless as a linear detecdlA/dw ata; in Fig. 2, the charge sensitivit%/ can be increased
tor. It is worth nothing that a change in temperature or measdrastically, as suggested by Krommegral 2° Another appli-
surement bandwidth shifts these curves along the verticalation of nonlinear mechanics is to use the nonlinear resona-
axis, but does not change the scaling behavior. Generally, theer as the frequency stabilizing element in a feedback loop. It
resonator with the smallest diameter will have the smalleshas been shown that the long term phase stability of such an
dynamic range. oscillator can be improved considerably with this
We now discuss the effect of residual tensign it may  technique’’
arise from differential thermal contractidf or may be in-

duced by a dc voltage on a gate neafbincreasing tension The authors acknowledge support from DARPA/MTO
will increase the resonant frequency. We therefore accourfSPAWAR) under Grant No. N66001-02-1-8914. We thank I.
for the presence of tension by usiagfrom Eq (5), Bargatln, E. Myel’S, 0. KOgan, X. L. Feng, and M. C. Cross

for useful discussions.

DR =20 Io%&O (10)

(fol)>*dp
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