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Parametric amplification in nanomechanical structures is demonstrated by modulating a purely
intrinsic mechanical parameter of the system—the stress—via piezoelectric electromechanical
coupling. Large resonance amplitude and quality factor enhancement due to parametric pumping are
observed under both vacuum and ambient pressure conditions. Exploration of the region of
parametric instability yields results that agree with parametric amplification theory. © 2010
American Institute of Physics. �doi:10.1063/1.3505500�

Recent technological advances have enabled the fabrica-
tion of mechanical resonators down to the nanometer scale.1

Resonant nanoelectromechanical systems �NEMS� possess
such properties as extremely high frequencies,2,3 high me-
chanical responsivity, large quality factors, and operability at
low required power, making NEMS resonators promising in
a variety of applications ranging from mass and force
sensing4–6 to quantum limited measurements.7 However, as
electromechanical systems are miniaturized, readout of me-
chanical motion becomes increasingly difficult, as most
forms of electrical transduction signals scale with device
size. One potential solution is amplification of the signal in
the mechanical domain using parametric effect before apply-
ing electrical transduction.

Parametric resonance is of interest to many areas of re-
search ranging from quantum optics8 to plasma physics.9

Since the initial demonstration of a resonant mechanical
parametric system by Rugar and Grütter,10 it has attracted
significant attention.11–14 The simplest parametric amplifica-
tion scheme involves periodic modulation of the spring con-
stant of the system at twice its fundamental resonance fre-
quency. In previous manifestations of mechanical parametric
amplification, the nature of the spring constant modulation
was usually capacitive,11,12 although other methods exploited
intrinsic residual stress,14 Lorentz force,15 or an external
feedback loop.16 Direct parametric tuning of the tensile stress
using piezoelectric electromechanical coupling was intro-
duced earlier in large scale microelectromechanical resonator
operating at 140 kHz.17 Here, we demonstrate piezoelectric
parametric amplification and actuation in high frequency and
very-high frequency, submicron-scale NEMS resonators.

Modulation of the stress of a nanomechanical doubly
clamped beam results in resonance frequency change:18
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for length L, Young’s modulus E, density �, dimension in the
direction of vibration th, and stress �. The displacement of
the central point of the beam is modeled as harmonic oscil-
lator of effective mass m, spring constant k1, and quality
factor Q with Duffing19 nonlinearity we obtain the following
equation of motion:
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where kp=0.3k1L2� / �Eth
2� is the spring constant modulation

amplitude, and F�t�=F0cos��Dt+�� is a driving force. The
parametric modulation is performed at twice the resonance
frequency, leading to a vibrational amplitude gain given by:10
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where kt is the threshold parametric pumping force 2k1 /Q.
The second term in this equation diverges as kp approaches
kt, thus significant vibrational amplitude gain can be ob-
tained, provided the appropriate phase relationship between
the parametric modulation and driving force.

Besides the amplitude increase, parametric amplification
results in what is, effectively, a quality factor enhancement,
which can be observed in drive frequency �D=�0+��D
sweep measurements. As the pumping force is increased, the
resonance peak becomes substantially taller and narrower
and assumes a non-Lorentzian form described by20
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Piezoelectricity is a well-known phenomenon that di-
rectly converts electric field into mechanical strain. The de-
vices are fabricated from epitaxially grown of GaAs p-i-n
diodes: 100 nm highly n-doped, 50 nm insulating and an-
other 50 nm layer of highly p-doped GaAs. It has been
shown in previous work21 that these structures enable effi-
cient actuation as well as a frequency tuning.. We fabricated
six doubly clamped beams on the same chip with lengths
ranging from 3 to 8 	m, and a width of 500 nm �Fig. 1�a��.
Displacement measurements were carried out in vacuum �
�10 mTorr� and room temperature using optical
interferometry.3,22 The fundamental frequencies range from
11 to 53 MHz. The quality factor varies from 2650 for the
longest beam down to 1600 for the shortest beam.

Each device’s resonance frequency is precisely tracked
as a dc bias between the top and bottom conducting layers is
varied. The results of these measurements are shown in Fig.
1�b�. All devices exhibit approximately equal frequency
shifts corresponding to �40 kHz /V. When a dc bias is ap-
plied, the anisotropic piezoelectric coupling of the materiala�Electronic mail: roukes@caltech.edu.
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causes longitudinal strain to develop in the intermediate in-
sulating layer. Doubly clamped boundary conditions convert
the strain to stress, which either stiffens or softens the beam,
thereby changing its resonance frequency.21,22 We thus dem-
onstrate that tensile stress modulation via this piezoelectric
coupling approach is characterized by exceptional linearity
across a wide frequency range. This is in contrast to the
Lorentz-force based parametric modulation we have previ-
ously reported, where the excess Joule heating compromised
the linearity of frequency modulation.15

Due to the efficiency of the piezoelectric stress tuning
mechanism, the parametric resonance can be implemented at
very high frequencies. When we parametrically pump the
resonator at twice the characteristic frequency of device no. 6
�the shortest beam in Fig. 1�a�; L=3 	m f0=53.3 MHz�,
quality factor enhancement is observed via frequency
scanned measurements. The inset of Fig. 2�a� displays a set
of parametrically modified resonance peaks under different
pumping voltages but constant driving voltage. Effective
quality factors of 119 000 are observed as pump voltages
approach the threshold. The modified frequency response
closely matches theoretical predictions given by Eq. �4�. The
curves in Fig. 2�a� represent the amplitude gain under three
representative drive voltages, and show that small signal
gains of 200 can be achieved for 53.3 MHz NEMS paramet-
ric amplifier.

Parametric amplification is particularly promising for na-
nomechanical resonators operating in ambient
environments.16,23 We demonstrate this by carrying out simi-
lar experiments at atmospheric pressure. The results from the
longest available beam �device no. 1 L=8 	m f0
=10.9 MHz� are displayed in Fig. 2�b�. Direct parametric
gain measurements yielded a thousand-fold amplitude in-
crease. As shown in the inset of Fig. 2�b�, the parametric
resonator has a damped Q of 130 in air but achieves a Q
effectively enhanced to a value of 4900 near the threshold.

Up to now we have primarily explored the subthreshold
regime. When the pumping force exceeds threshold, the
amount of energy delivered into the system is larger than the
amount lost to dissipation. In this situation, in the absence of
any driving signal, the resonator executes spontaneous oscil-
lations close to the resonance frequency. The intricate behav-
ior of this dynamical system is described in detail in Refs. 11
and 13. An important characteristic of parametric resonance
is the presence of an instability region in pump amplitude
and frequency space, known asparametric, “tongue.” Its low-
est point corresponds to the threshold condition described in
Eq. �3�, given by a parametric frequency of 2�0 and a pump
level of 2k1 /Q.

All of the devices shown in Fig. 1�a� have instability
thresholds that are experimentally accessible. In this work
most of the characterizations are performed with device no. 5
�L=4 	m, f0=35 MHz�. Instability threshold measure-
ments were carried out by removing the direct drive source,
leaving only the parametric pump. The output signal from
the photodetector is then measured with a spectrum analyzer.

Figure 3�a� shows examples of upward and downward
parametric sweeps. During the upward frequency sweep a
nontrivial solution becomes the only stable one at the left
edge of the instability region �around 35.2876 MHz�; as a
result the beam starts oscillating. With increasing pump fre-
quency the amplitude of mechanical motion increases with
��1/2 dependence, in agreement with theoretical predictions.
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FIG. 1. �Color online� �a� SEM image of the series of parametric resonators
and amplifiers. The geometrical parameters of the beams are 3
L

8 	m, w=500 nm, and t=200 nm. �b� The piezoelectric frequency tun-
ing of the resonators obtained by dc biasing the beams. The linear depen-
dence of the frequency shift closely matches the predictions from piezoelec-
tric theory.
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FIG. 2. �Color online� �a� The dependence of gain on pump amplitude for
different initial drives for the device no. 6 �f0=53.3 MHz, L=3 	m, w
=500 nm, t=200 nm� in vacuum. A small-signal gain of 200 is observed.
Inset: effective quality factors of the parametrically enhanced resonance
peaks are 1600 with no pump,13 900 and 45 000 with intermediate pump
and 119 000 close to threshold. �b� The dependence of gain on pumping
voltage for different initial drives for the device no. 1 �L=8 	m, w
=500 nm, t=200 nm� in ambient conditions. A small-signal gain of 1000 is
observed. Inset: effective quality factors of the parametrically enhanced
resonance peaks are 130 with no pump, 760 and 1460 with intermediate
pump, and 4900 close to the threshold.
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When the pump frequency reaches the right edge of the
tongue, the mechanical motion does not cease, because both
trivial and nontrivial solutions are stable. Hence the ampli-
tude continues to increase until other factors such as nonlin-
ear viscous damping13 cause the motion to stop. On the other
hand, during the downward sweep, the mechanical motion
jumps to high amplitude at the right edge of the tongue
�35.2889 MHz�. Later the amplitude of motion decreases to
zero along the same curve as followed on the upward sweep,
as shown in Fig. 3�a�.

According to theoretical analysis,11 the instability region
widens as the pump increases. The experimental measure-
ments shown in Fig. 3�b� confirm this prediction. The collec-
tion of downward sweeps with steadily increased pump pro-
vides a map of the parametric tongue. The x-axis in Fig. 3�b�
is a frequency of mechanical motion �half pump frequency�,
the y-axis is pump amplitude in millivolts peak-to-peak
�mVpp� and the amplitude of mechanical motion signal is
represented by color scale. We note that the predicted para-
metric threshold calculated from quality factor and tunability
measurements shown in Fig. 1�b�, is 678 mVpp, which
matches the measured value.

Mechanical parametric amplification is a valuable effect
that can benefit a large variety of NEMS applications. Here,
we have demonstrated an efficient scheme for efficient fre-
quency tuning in high frequency NEMS. Thousand-fold am-
plitude gain and 75-fold effective quality factor enhancement
were experimentally measured. Such phenomena could be
applied as amplifiers operating in the mechanical domain
before applying conventional electronics, aiding transduction
of nanomechanical motion.
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FIG. 3. �Color online� �a� An example of upward and downward parametric
frequency sweeps. The onset of instability and regions of bistability are
clearly visible. �b� The parametric tongue is mapped by plotting the set of
downward sweeps at different pump voltages. The amplitude of mechanical
motion is color-coded.
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